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Discrete wavelet transform power spectrum estimator
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A method for measuring the spectrum of a density field by the discrete wavelet trafEf) is studied.
We show how the Fourier power spectrum can be detected by using the wavelet function coeffitle@ts
of the DWT. This method can successfully measure the power spectrum in samples for which traditional
methods often fail because the samples are finite sized, have a complex geometry, or are varyingly sampled.
We demonstrate that the spectrum features, such as the power law index, the magnitude, and the typical scales
can be determined by the DWT reconstructed spectrum. We apply this method to analyze the power spectrum
of the spatial distribution of the Ly clouds. The two popular data sets used for the spectrum detection have
quite different geometries and samplings, yet the one-dimensibbBalpower spectra and their 3D reconstruc-
tion given by the DWT estimator show the same features. The analysis makes clear that the DWT estimator is
a sensitive tool in revealing common and physical properties from diverse datg53€183-651X98)05603-7

PACS numbd(s): 02.70.Hm, 02.70.Rw

[. INTRODUCTION If, on the other hand, the spectrum for a finite sample is
estimated directly from the Fourier transform, this generally
The power spectrum or its Fourier transform pair, the au-only gives a convolution of the true power with the window
tocorrelation function, are probably the most commonly usedunction W(x), which is 1 inside the sample volume and 0
technigues to detect structure in distributions such as galaxelsewhere. Because the basis functions of the Fourier trans-
ies, photons, bacteria, hadrons, etc. Although the poweform are not orthonormal over a finite nonperiodic volume,
spectrum is only the lowest order statistical measure of théhe convolved spectrum depends on the shape of the sample
deviations of the random density field from homogeneity, itvolume. In order to subtract the contribution of the window
directly reflects the physical scales of the processes that aftnction to each Fourier mode, an estimation of the mean
fect structure formation. Moreover, the positive definitenesglensity of the objects is still needed.
of the power spectrum is useful for constraining the param- Furthermore, the mean density is generally estimated
eter space in comparing predictions with data. As a resulfrom the sample itself. Therefore, the problem becomes more
the estimation of the power spectrum is often the first statisserious when the sampling rate, or the object density, is dif-
tical description of a distribution attempted. ferent for different samples. Forming an ensemble from such
Even though there are a myriad of ways to estimate théamples in order to detect the spectrum becomes problem-
power spectrum, efforts continue on developing new estimaatic. The effect of the finite size of the distribution cannot be
tors for the spectrum. The main reason for this is that theeliminated because the Fourier basis is not localized.
traditional estimators have several weaknesses, especially This difficulty can be overcome by using the count in cell
when dealing with samples that are finite sized, have a comCIC) technique or the Fourier transform on a finite domain
plex geometry, are sampled irregularly, or in which the mearfthe Gabor transform, for instancg2]. The CIC detects the
density is uncertain or varying. We discuss these problems iMariances? of the density fluctuations in cubic cell windows
more detail next. with sidel or of Gaussian spheres with radiRg . Since the
It is well known that a classical spectrum estimator, theCIC variance is less dependent on the geometry of the
Fourier transform of the autocorrelation function, dependssample volume, the behavior of the distribution outside the
essentially on a good measure of the mean dendityA  sample is not needed. This reduces the uncertainties caused
two-point correlation analysis cannot detect any correlation®y finite sized samples. It is believed that the variance in cell
with amplitudes comparable to the uncertainty in the mear (or sphere of radiuRg) is mainly given by perturbations
density. If the spectrum is determined via the two-point cor-on scale~| (or Rg). As such the variances are considered to
relation function, uncertainties on all the scales on which thée a measure of the power spectrum on st4&.
correlation amplitude is comparable to the uncertainty in the The problem with the CIC measure is that its basis func-
mean density will occur. This problem is more severe fortions(windows are not orthogonal with respect to scale. The
cases in which the mean density is changing with the size ofariancesc?(1) obtained from the cells at scalecontain
the sample. It is difficult, or even impossible, to accuratelycontributions from scales larger thanWe will show that
determine the mean density in these distributions because tiis scale mixing becomes a serious problem when a power
the finiteness in the sample size. This is sometimes called tHaw spectrum has a negative indesee Sec. )l As a conse-
infrared (long-wavelength uncertainty in the Fourier spec- quence, the resulting errors are not easy to interpret because
trum estimator. the errors for different are not independent.
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Thus, in order to effectively detect the power spectrumon a complete set of modes and thus, the wavelet coefficients
from samples in which the above mentioned problems occugre independent.
the basis functions for the spectrum should be orthogonal
and localized in both physical and scale spaces. This moti- A. The power spectrum
vated us to explore the spectrum estimator based on the dis-
crete wavelet transforlDWT) because its basis functions
have just these properti¢4—8|.

The basis of the DWT is constructed from two sets o

Let us consider a one-dimensional random density field
p(X). It is not difficult to extend all results into two and three
fdimensions. In studying structures in a density field, it is

localized functions: the scaling functions and the Waveleﬁnnven'em to use the density contrést perturbationsde-

functions[4]. To expand a function in a wavelet basis, only ed by
the scaling function coefficient$SFC, measuring the local —
mean density, and the wavelet function coefficigtnd=C), e(x)= p(X)Tp, (2.1)
measuring the differences between theal mean densities
at adjoining scales, are needg®]. As a consequence, the L
mean density on length scales larger than the sample size Wgherep is the mean density of the field. The Fourier expan-
not needed in calculating the WFC. Thus, aside from arsion of € is
additive constant, the wavelet spectr¢see Sec. )Iwill not
be affected by the uncertainty in the mean density. —
The Karhuen-Loee (KL) transform given by diagonaliz- E(X):n;_w €n€ (2.2
ing the covariance matrix, then optimizing over the set of
orthogonal transformations of the covariance matrix, is anwith the coefficients given by
other way to detect the spectrum that avoids the pitfalls of
finite sized samplef@—12]. However, finding the KL eigen- 1L T
vectors of a matrix of ordef has computing complexity fn:[fo e(x)e dx. 23
O(f3). In addition, the KL basis is not admissible. Even after

finding the eigenvectors of a data set, updating the basis with parseval’s theorem relates the power for a distribution to

some extra samples will cost an additio@¥(f®) operations. the coefficients of the Fourier expansion. For the density
Finally, the KL transform is only available for second order contrast this yields

statistics. On the other hand, the DWT can also quasidiago-
nalize the covariance matrix, and thus the KL transform can 1L )
be approximately represented by wavelets, which leads to EJ; le(x)] dX=n2x |€n
less computing complexity13,14. More importantly, the

DWT can be generalized to higher order statisfS]. which shows that the perturbations can be decomposed into

In Sec. Il, we develop all the necessary formalism 10 deyomainsn, by the orthonormal Fourier basis functions. The
termine the power spectrum ofadlstnbu't!on using the DWT-power spectrum of perturbations on the schlf@ is then
In Sec. Ill, we demonstrate the capability of the DWT in yefined as

reconstructing power spectra of various types. In Sec. IV, as

©

©

2 (2.9

an application of the DWT estimator, we detect the power P(n)=|€n|2- (2.5
spectrum for real samples of the Lymar{Ly-«) absorption
clouds. We end with a discussion of our findings. We proceed similarly using the DWT basis functions. To

subject a finite sample of extenkk<L to a DWT expan-

sion, we define a density distributi@ix) that is equal to the

Il. THE DISCRETE WAVELET TRANSFORM POWER sample in the region €x<L, and is L periodic on
SPECTRUM —w<x<w. The wavelet expansion ef(x) is [8,16]

The use of the continuous wavelet transfof@WNT) has w o
gained increasing importance in many fields in analyzing the _ -
texture of matter distributions. However, the machinery we €(X) jgo |:2—oo €11%31 (%), 29
will develop here to estimate the power spectrum is based on
the discretewavelet transforni16—21. Unlike the case with wherey; (x) is the wavelet function, defined as
the Fourier transform, in which the discrete Fourier trans- .
form is just the continuous Fourier transform estimated from U (X) = (Z_J
a discrete grid of points, the difference between the CWT Il L
and DWT is more fundamental. The DWT is not constructed
by estimating the CWT at discrete points. That is, one doedhe real functiony(») is called the generating wavelet and
not merely replace the integral with a sum and a continuouss localized in the interval & <1 and centered ay=1/2.
variable with a discrete variable. Generally, the basis func- Equation(2.7) shows that the wavelet functiong; ;(x)
tions of the CWT are overcomplete and nonorthogonalare families of functions constructed by dilating the generat-
whereas the DWT basis functions are complete and orthogang function ¢(x/L) by a factor of 2, and by translating
nal. Using the CWT can lead to correlations that are not in/(x/L) by |. The wavelet functiong; |(x) are thus on scale
the sample, but due to the correlations among the waveldt/2' and are centered &k /2'. Furthermore they; (x) are
coefficients. The DWT allows for an orthogonal projection orthogonal with respect to both indices, that is, thg(x)

12

P(2IxIL—1). (2.7
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are orthogonal to both translation and dilation. The wavelet etting n=2/x/L—1 gives
function coefficient§WFC), ’E“ , iIn EQ.(2.6) are simply the

inner product ~ o (2 i [ i2mn7/2)
Ej,|:n_2 T €n€ e Y(n)dy

€= J':)f(x) i1 (X)dx. (2.9 (2.149

or

— oo

The limits of the integral here are formally ande. In

practice,e(x) only in the intervalL/2 centered atL/2! is _ Foo i\ "V R

needed to calculate;; because; (x) is localized. EJ,I:n;w f) enp(—ni2)e , (219
Finally, Parseval's theorem for the DWT can be shown to

be[8]

wherefp(n) is the Fourier transform of the generating wave-
o i let
1L ) 1271 ) ¥(m)
L) leofa-3 5 @ 29 L |
sm= | wme ey, 2.6

The existence of Parseval's identity for the DWT strongly
suggests that the second order Stfif'sncal behavios(xy Equation(2.15 is the expression for the WFC in terms of the
can be completely described by the; |?, i.e., the DWT  Fourier amplitudes.
power spectrum. Comparing EgR.4) and (2.9), one can Similarly, it is possible to express the Fourier coefficients,

relate (1L)S2 oY, |? to the power of perturbations on e,, in terms of the WFC as
length scald_/2), and|’; /L to the power of the perturba-

. { w 20
tions on scalé./2! and positioriL/2!. Thus, the power spec- 15 %
trum with respect to the wavelet basis should be defined as fn:[jzo Z’o €j1%(n),  n#0 (2.17
121?1
~ or
P]:E;) |6j,||2' (21@
w 2i-1 1 12 _
~ = —| e ,e72mM2gn20) n#0.
B. Relationship betweene, and ¢ €n JZO Z'o (2J|_) €l 4 )
Both the DWT and Fourier basis functions are complete (219

so it is possible to express the WFg in terms of the  gquations(2.15 and (2.18 show that, in principle, the in-
Fourier coefficientse,, and vice versa. Substituting expan- formation contained in each transform is equivalent.
sion (2.2) into Eq. (2.8 yields

* C. The wavelet spectrum estimator

- _ * i2mnx/L _ iy _
'fj,l—n;_x €n _we' " ¢j1|(x)dx—n:2_w €ntj (=N, We now look at the wavelet power spectrum defined by
(2.1)  E0.(2.10 in more detail. The first thing to note is that the
wavelet functionsy; ,(x), are localized in Fourier space. For
where f/;j ((n) is the Fourier transform of; (x), i.e., instance, the Fourier transform of the Battle-Lemavieve-
' ' let, which is constructed with fourth order spline functions, is
- o ERP— nonzero only in two symmetric narrow ranges centered, re-
Ya(n)= f,wl/’“(x)e dx. (212 spectively, am=+1 and —1 with widths An<1. For the
) ) Daubechies 4D4) wavelet, §/(n) also has two symmetric
Using Eq.(2.7), one can rewrite Eq2.11) as peaks centered at=*n, (n,>0) and of widthAn,. The
w0 . sum overn in Eq. (2.15 need only be taken on the two
oi)| 112 q : y :
- _ T ' i -0. I<n<(n,+0.5An,)2} and —(n
o il el 27Xl 2iv /L — 1 dx. intervals 1,—0.5Anp)2!<n<(n,+ p p
€l n;w ( L E”le i ) +0.5An,)2l<n<—(n,—0.5An,)2). Equation (2.15 can
(2.13 be approximately rewritten as

L\ (np+0.54n,)2] —(np—0.54n)2)
=~ _ 5 i2mnl/2d | 5 i27nl/2]
ej,l_<_j) ’ﬁ(_np) E ) Enel ™ +¢(np) 2 _ e_nel n
2 n=(npfO.5Anp)2J n=7(np+0.EAnp)21

N z [l’\ﬁ(_np)fneizwnllzj‘f‘(’Zl(np)é_ne_izqmllzj]. (219)

( L ) 12 (n,+0.5Anp)2)
n:(np—O.SAnp)ZJ
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Equation(2.19 shows that the WFC on scajleare mainly

1 -
determined by the Fourier componedswith n centered at P(n)j= Wh//(np)rsz . (2.23
n
. p
n==ny2/, (2.20
- P(n), is the average of the Fourier spectrum on s¢aje/en
wheren= *n, are the positions of the peaks #{n). b)& ) g P ¢l
Because bothj(x) and e(x) are real, we havé//(—np)
= fp*(np) ande_,= € . Equation(19) then becomes 1 (np+0.5An,)2)
| 2 P(n)j=— > P(n). (2.4
L (np+0.8An,)2) J 2]Anp n:(np—O.SAnp)Zj

|Zj I|2: —12 2 Re{;ﬂ(np)enelzwnuzj}
' 2! n=(np70.5Anp)2j . . .
(2.20) Equations(2.23 and (2.24 are the basic formulas relating
the Fourier power spectrum to the DWT power spectrum.
In the case of Gaussian perturbations, the distribution of the One can also measure the power spectrum of the distribu-
phases ok, is uniformly random, and Eq2.21) reduces to  {jon py using the variance of the; | as

(np+0.5An,)2)

_ L .
[el?=——lbmpl? X el> (222 1.
2171 n=(np—0.5n,)2] P(n)jzijean/(npﬂ Py (2.29

According to the central limit theorem, the distribution of
e, Will be Gaussian if the density field is a superposition ofand
non-Gaussian perturbatiof22]. Therefore, Eq(2.22 also
holds for many kinds of non-Gaussian perturbations. For in- 2_1
stance, if the density field consists of a large number of ran- Pyarzfz (Té T 2 (2.26
domly distributed non-Gaussian clumps, the Fourier ampli- LS '
tudes, €,, will be given by the superposition of a large
number of non-Gaussian contributions. The central limit =
theorem then guarantees that thewill be Gaussian, and whereeJ | is the average of; | over|. Because the mean of
that the phases af, will be uniformly randomly distributed. WFC €J| is zero[Eqg. (2.19)], P; is statistically equal to
Even when the clumps are correlated, the central limit theopvar
rem still holds as long as the two-point correlation function
of the clumps approaches zero sufficiently fie&3].

Moreover, many physically interesting density fields are
assumed to be ergodic, that is, the average over an ensembleTo demonstrate the advantage of a basis function that is
is equal to the spatial average taken over one realization. Arthogonal to scale we compare the DWT spectrum estima-
homogeneous Gaussian field with a continuous power speger to the CIC technique. The most direct way of describing
trum is certainly ergodi¢22]. In some non-Gaussian cases, the differences between the two is by noting that the cubic
such as homogeneous and isotropic turbuldrig¢eergodic-  cell of the CIC corresponds to a window of the form
ity also approximately holds. Roughly, the ergodic assump-
tion is reasonable if spatial correlations are decreasing suffi- 1 if O0sy<1
ciently rapidly with increasing separation. The volumes b(n)= 0 otherwise. (2.2
separated with distances larger than the correlation length are
approximately statistically independent. This property ca
effectively be used by DWT because titg(x) are orthogo-
nal with respect to the position indéx The 2 wavelet co-

D. Comparison of DWT spectrum estimator to the CIC

nThe corresponding basis function is

efficients for a giverj are statistically independent and the 1 if 0sy<1/2
?j,, can be treated as independent realizations. That is, for (=1 —1 if 12<=y»<1 (2.28
ergodic random fields the WFC form a valid statistical en- 0 otherwise

semble on scal¢. This ensemble is very useful.
In standard Fourier techniques, it is known that if the
density fluctuation field is a homogeneous random procesd his is the lowest order Daubechies wavelet, known as the
the average of the Fourier amplitudes overeasembleof ~ Haar wavelet whose Fourier transform is
fluctuation fields with finite extenizero outsidgwill be the
same as that over a fluctuation field of infinite extE2@)]. . 2
Unfortunately, no such ensemble is available if there are lﬂ(n):%[Sin(ﬂn)—iCOS(Wn)]Sinz(Wn/Z)- (2.29
only a few (or, as in cosmology, only)lrealizations. How-
ever, because of the locality of the DWT basis functions,
ensembles are generated at each scale with the DWT decomthenn<1, w(n)~ —i(m/2)n. Therefore, Eq(2.29 is not
position. localized in Fourier space. In the case of a power law spec-
Using Eqgs.(2.5 and(2.10 in Eq. (2.22 gives trum, e,=Kn?, Eq. (2.15 gives
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- 21\ "2 L - . 3C
e_“: E (f) En¢(_nlzj)el2wn|/2j+terms n= 2| ~N (@) FFT power spectrum
n<2)
j 1/2 2
i\ —u2; ,
= 2 ”_TA nit7ei2mli2 L tarms n=21,
L 2i+1 )
n<2 E - 1
(2.30 &
~ - o of
The square average, |, or similarly the CIC on scalg will
be contaminated by perturbations on scales largerjthand
the Haar wavelet WF@or CIC) on scalgj will no longer be -1}
a good measure of spectrum on sdale

-1.25 -1 075 05 -0.25 0 0.25

Ill. SPECTRA RECONSTRUCTION log, k
A. A simple example: Power law spectra 4
We now demonstrate the ability of the DWT spectrum (b) DWT power spectrum
estimator, i.e., Eqs(2.23 or (2.25, to reconstruct power 6 } $ wrc
spectra. We first consider a power law spectrum given by E * var
P(k)~k”. From Egs.(2.23 and(2.24), we have 3 % 3
P(N)i,1=2"P(N). 61y = + *
i+l I ' £6'-10 b s
and * *
-12 % -
Pjoc2i(r+1) (3.2) = *
-14 -
or i
1 2 3 4 5 6 7 8
log,Pj=(y+1)j+const. 3.3 j
The slope of Iong, when plotted against, is y+1. The FIG. 1. Reconstructed power spectrum for a distribution gener-
index of a power law can be directly detected by ated from a power lawP(k)=k ?. (a) Reconstructed spectrum
from FFT detection, an¢b) reconstructed spectrum from the DWT
dlog,P; estimator, wher&k=2mn/L is the wave number in a length unit.
v= dj I_1. (3.4  The points of logP'® (stap in (b) have been shifted down to

log,P{*'— 1 for clarity of presentation only. The slopes of the lines

. log,P;—j (di log,P/*"—j —1, indicati tral
Figure 1 shows a DWT reconstructed power law spec-lﬁgzx‘ oéleamond or lo%ry T are ncicating & spectra

trum. The random density field is generated from perturba-

tions with powerP(k) =k~ 2, wherek=27n/L is the wave - _ _ )
number in length units. The sample is distributed overhc A s known, lo@(K); can be found from log; . A normal

9. . . . izes the wavelet amplitude to the Fourier amplitude and is
2 _5\,1ar2 bins. Flgu_re ®) ShOVYS the spe\tlzgrrg IQ.BI and dependent on the choice of wavelet. In the case of the D4
log,P;*" plotted againsf. The points of logP;* in Fig. 1(b)

. ar s wavelet,A=0.602.
have been shifted down to Igig™—1 for presentation pur- From Eq.(2.20, we have
poses only. As expected, Fig(l shows(1) P; is equal to
P}* and(2) the slopes of the lines I198; vs j or log,P/* vs logk= (log2)j — logL/27+B, (3.7
j are equal to—1, giving a spectral indexy=—2. The 1o

error bars are for 100 realizations. where

B. Normalization factors B=logn,,. (3.8

In the previous section the spectrum index of a power law _ _ _
was measured. It is equally important to estimate the ampliB normalizes scalg to logk. For the D4 WaVEls;flr basis,
tude of the power spectrum, IB();, from logP;. This can B=0.270. Equationg3.5) and (3.7) transferP; or P;* into

be done from Eq(2.24), which gives the mean Fourier spectruf(k);, andvice versa There is
no particular reason to normalize the DWT estimator to the
logP(k);=logP;—(log2)j +A, (3.5  Fourier power spectrum. However, we do so here to confirm
the results obtained using the DWT estimator with the well
where established Fourier methods and to relate the wavelet scale

R parametej to the Fourier wave numbdée, which has a better
A= —log[ 2An,|¢(np)|?]. (3.6 understood physical interpretation.
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-3.0 - ;
log, k o __\\
—— - P(k) = k(1 +10°KY) A
+ -4 Periodic BC N
-1 ® @ Zero Padding —
5 ,}( -}\ (b) 512 bins .
2 - EN ‘o | 3
=23 3. 20 10 0.0
& N log k
- 4 * N 10
Ng
-5 = N FIG. 3. Reconstruction of a typical scale spectiiy. (3.9) and
-6 Fig. 2]. k=2an/L is the wave number in length units. Shown in the

2 -1.5 -1 -0.5 0

figure is the original distributiofEq. (3.9)] without any boundary
log, k conditions(dotted ling and the power spectrum determined using

periodic boundary conditions and zero padding.
-1
_e— ~| (c) 256 bins
-2 =7 \%
=z 2L
E: ~

;“, corresponding to positiorg, will only measure fluc-
tuations in the interval[ (xo—AX)/2 %1, (xg+Ax)/2*1]

=3 'S [16]. As a result the DWT spectrum estimator is less sensi-
g, 1 tive to boundary conditions.
NN To test this point, spectrunB.9) was used to generate
-5 L\ samples over a finite length in 512 bins. Two different
46— 3 3 Y 5 boun_d_ary conditions were stu_diedA) periodic boundary
: : conditions;(B) zero padding. Figure 3 shows the results of
log,, k reconstructing the power spectrum from distributions gener-

ated using these boundary conditions. The results show that

FIG. 2. Reconstructed spectrum for a distribution generatednhe spectrum can be correctly reconstructed by the DWT
from Eq.(3.9. k=2#n/L is the wave number in length units. The regardless of the boundary conditions.

dotted line is the theoretical curve and the diamond points are the A similar test is shown in Fig. 4, in which the density
DWT determined spectrum. The samples(a, (b), and (c) are
generated irfa) 1024,(b) 512, and(c) 256 bins, and the bin size is
27 length units. The peak of the spectrum is atkeg-1.37.

distribution over 512 bins is generated from a power law
spectrumP(k)=k 2, and then the last quarter bins set to
zero. When the spectrum is determined using the fast Fourier
transform(FFT), the usual procedure is to convolve the Fou-
Yier coefficients with a window function. The spectrum
shown in Fig. 4 was computed using a trianglelike window
function. The spectra are reconstructed with window sizes, 4,
8, and 16 bins, and the power law index is found to be
—1.73, —1.93, and —2.14, respectively. As shown, the
power law index from the FFT reconstruction sensitively de-

. : pends on the window size even within a specific choice of a
This has a peak at lég-—1.37, or a typical scale #£23.4 window function. The “arbitrary” selection of the window

(length units. Using Eq.(3.9) samples of length. were size leads to an uncertainty in the index. On the other hand,

generated into 2.56' 012, gnd.1024 bins. The reconstrucUQ%r a given wavelet, there is no arbitrariness in the selection
of the spectrum is shown in Fig. 2. The peak and the ampli-

tude of the power spectrum are perfectly detected by thec:)f the window size. The wavelet basis functions on various

: var X A X Scales are constructed by the requirements of orthonormality
DWt-rI; E|:]heer fotrhpj ca? effectlvel)lll prO\_/tlde mfcl){rr:jatlon and completeness. The DWT reconstructed power spectrum
on the shape ot the spectrum as well as 1ts ampiitude. gives the correct values for the spectrum index,.86.

To test these normalizations the following spectrum wa
used:

P(k) (3.9

T 1+10k4

C. Boundary conditions D. Sampling

The WFC measure fluctuations from tieeal mean den- That the DWT estimator is less sensitive to sampling can
sity. This locality property allows the;, to be independent already be seen in Fig. 2, in which the spectrum is correctly

of data outside an “influence” cone. That is, §f is well  reconstructed regardless the number of bins. Binning can be
localized in the intervalAx, then the wavelet coefficients thought of as a kind of sampling.
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FIG. 5. Reconstruction of the 3D power spectrum for samples
FIG. 4. Reconstruction of power law spectrugk) =k with  with samplings(1) and (2). k is now in inverse length units.
a=—2. Shown in the figure arég) the original distribution with
last quarter bins set to zerdgb) the DWT power spectra from
log,P;, (0), (d), and(e) the spectrum reconstructed by the window
Fourier transform with window size 4, 8, and 16 bins, respectively.
Once againk=27n/L is the wave number in length units.

logP3(k) =logP;—2logk—(log2)j + A+ log(a/2).
(3.13

Figure 5 shows an example, in which the 3D spectrum is

A more realistic example of sampling is the identification grive:?Dby Eq.(b3.9). onlhD giStriPUI;.C)TS are gener?tzdbfrpdm
of objects from a density field. For instance, one can identif)} € perturbations. The density fields are sampled by iden-

overdense regions in the density field as objects. This neWYI"d the peaks in the density field as objects. Two different

distribution is a sampling of the original density field. Obvi- criteria z?]re urs],ed: In saméplitr:gl) ]:che nurpger densizty if’j
ously, the new distribution will not be distributed in the samedreater than that in sampl@) by a factor of between 2 an

way as the original density field. However, it is known that>" _.
y 9 y Figure 5 shows that the 3D spectra reconstructed from

distributions constructed in this way are not different from i 1and 2 th Fi 5 al h that th
the original field on scales larger than the characteristic sca@@Mmplings 1 and 2 areé tneé same. Figure > aiso shows that the

of the sampling1]. One can expect that a proper SpeCtrumreconstructed spectra generally agree with the o_riginal spec-
estimator will be able to reconstruct the original spectrumtrum' but have a faster increase than the theoretical spectrum
gs the scale increases, especially on scales close ko log

from sampled data on scales larger than the characterist - .
=—0.75. This is because we have used a simple power law

le. Yet, diff t criteria for identifyi bjects, i.e., dif- i X
scale. Yet, different criteria for identifying objects, i.e., di to describe the entire 1D spectrurig. (3.11)]. The long

ferent samplings, will give a different mean density. This . )
inevitably leads to the sampling problem for spectrum estivavelength perturbations are overestimated by a power law
approximation of the 1D spectrum.

mators depending on the mean density.
Moreover, for real data, it is often necessary to sample

data in 1D and then try to reconstruct the 3D power specty. AN APPLICATION: THE Ly- « ABSORPTION CLOUDS
trum. If the density perturbations in 3D are statistically iso- _ i ,
tropic with a spectrunPs(k), we have A. Problem in Ly- @ absorption cloud detection
Ly-a absorption line systems in QSO spectra come from

P(k)=27rf P4(q)qdq. (3.10 intervening neutral hydrogen absorbers, or clouds. The dis-

K 2 tribution of the Ly« absorption lines in redshift space is a

direct measure of the spatial distribution of neutral hydrogen

This shows that the contributions from long wavelength per-clouds in the Univers¢24]. _ .
turbations, or wave number less thianare not important. If Our goal here is not to study the physics of the formation

the 1D spectrum can be approximated as a power law,  ©f the clouds, but to show that the power spectrum of the
mass distribution traced by the hydrogen clouds can be de-

tected by the DWT estimator.
The Ly-« lines are much more numerous than other high

, redshift objects, tend to be relatively less affected by selec-

with >0, the 3D spectrum can be reconstructed from Edyion effects, and cover a large range in redshift or spatial

(3.10 as space. These objects should serve as good candidates for
studying the cosmic mass distribution on large scales. Yet, so

logP3(k) =logP (k) — 2logk+log(a/2m).  (3.12  far no power spectrum has been detected, especially on

scales larger thans ! Mpc, whereh is the Hubble constant

Using the DWT spectrun®; to replaceP(k), we have in units of 100 km s Mpc™ 1. This particular data set pre-

P(k)ock ¢, (3.12)
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sents several problems in detecting the spectrum using tradi

tional methods. 15 | o ¢LWTW>036
The first problem is that the mean number density of the ® -@/BW>032
Ly-« clouds significantly varies with redshift. This variation » A ABW>016
can be approximately described as ol |
dN [(dN 149)7 " = T T T
@z az) (TP @ e T
0 =}
o 05 +r 4

where @N/dz), is the number density extrapolated to zero
redshift, andy~2 is the evolution index. In other words, no
mean density is available for calculating the two-point cor- 0.0 -
relation function. This makes detection of lay-absorption
clouds by the two point correlation function extremely diffi-
cult [24,25. _05 ‘ : ‘ -
The second problem is the complex geometry of thealy- -1.0 -0.5 0.0 0.5
absorption clouds. Ly absorption line samples from differ- log,ok (Mpe )
ent QSO spectra distribute over different ranges in redshift -~ ¢ 1he 1D power spectrum for samples of LWAE>0.36
space, or different ranges in physical space. Moreover, thﬂ, JBW>0.32 A, and JBN>0.16 A. For clarity, the spectra for JB

total number of the Lyx lines are different for different \y~0 32 A and JBW=>0.16 A have been shifted in the negative
forest samples. How do we obtain estimates of the spectrurgiyection.

from these very irregular samples?
As discussed above, both problems can be solved by the
DWT spectrum estimator. One can regularize all sample§/Tor bars are calculated from the ensemble of the QSOs

into the same range, saP f,in,D , in physical space as absorption spectra.
follows. For a foregt samjpz))lg”;n amggatial praxgbl(Dzr)), one The 3D spectra can be constructed from the 1D spectra of

: A the LWT and JB samples as done in Eg.13. The results
tendittoal B fin,D by add t g >
fﬁ: 3);;1” inl rgnzgsrg&er'ra[r;?) @gd m(b"‘:) Dy ax) |_r|1_%uzseroa”0 are shown in Fig. 7. As in Fig. 5, because the 1D spectra are
min ’ max/ - ’

—_ - approximated as a power law, the reconstructed 3D spectra
samples distribute oY, ,Dmay - Since wavelets are local- . .
P Cinin, D mav) should be a good estimate on small scales, but will have

ized in both configuration and Fourier spaces, the waveleIar deviati | I
transform in an interval@,,D5) will not be affected by the ge deviations on farge scales.
addition of data in the region®,,Dy) and Oy,D ). The data sets contain large errors, and therefore, the DWT
=1 2)=ma estimated spectra contain uncertainties. Nevertheless, some
conclusions can already be drawn. Figures 6 and 7 clearly
B. Results show that the amplitude and shape of the DWT estimated 1D

In order to check whether the above-mentioned problem@nd 3D spectra for all data sets are very similar. This
are really surmounted by the DWT estimator, two popu|arstrongly implies that these features are common properties of
and independent data sets of the d&yabsorption clouds the spectra of the Ly absorption clouds. That is, these
were studied. The first was compiled by Lu, Wolfe, andfeatures should be given by the physics of thed yloud
Turnshek([26] hereafter LWT. It contains~950 lines from
the spectra of 38 QSOs that exhibit neither broad absorptior 20
line nor metal line systems. The second is from Bechtold

([27], hereafter JB which contains a total 2800 lines from o -

78 QSOs spectra, in which 34 high redshift QSOs were ob- o #@T

served at moderate resolution. These two data sets ar U & A
sampled differently. The LWT samples contain only lines oo | o ge
whose equivalent widthV is =0.36 A. JB contains samples BESy

with linewidths W>0.16 A andw>0.32 A. Their redshift
dependences are also different: LWT showed thatg ~°
(dN/d2)o=3 andy=2.75+0.29 for lines withw>0.36 A

Pk

while JB foundy=1.89+0.28 forw>0.32 A andy=1.32 20t ,
+0.24 forWy>0.16 A. Ry

Because the linewidtkV depends only on the local envi- ®JB W >032 : .
ronment, statistical features, such as the power spectrum, o 3¢ ALWTW>036 N
large scales should be the same for the distributions sample
by linewidthsW>0.36, 0.32, 0.16 A. a0 ‘ ‘

All samples were regularized as described above into 13 03 08

range ofDpmn=2,300h"! Mpc to D= 3,300h~1 Mpc, 108l (W)

which corresponds to a redshift range of 1.7-4.1 in a flat FIG. 7. The 3D power spectrum reconstructed from data LWT
universe. The 1D spectra for LWTW>0.36 A), JB W  w=>0.36 A, JBW>0.32 A, and JBW>0.16 A. The theoretical
>0.32 A), and JB W>0.16 A) are plotted in Fig. 6. The curve is the standard cold-dark matter model spectrum.
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formation, and not by the geometry or by the sampling of theavailable. Thus, different bases might measure different as-
data. pects of the density fields.

The errors at large scale are about the same as that on A good way to see this is to look at how different bases
small scales. This means that the DWT estimator can unichopup phase space. In phase space, all orthonormal bases
formly detect the spectrum on almost all scales on WhinUecompose the space into elements with pro(ﬂ]EtAk
data are available. This cannot be achieved by the two-point 2 - However, different bases distribute the product differ-
correlation function, which generally overlooks structures ongnty The ordinary Fourier transform hask— 0,Ax—,

large scales because autocorrelation amplitudes on 'ar%ndowed Fourier transforms havkx=Ak=const. while
scales are small, and structure cannot be detected when the wavelet basis, the elements, Ak adapt to tr’1e scale

amplitude is comparable with the uncertainty of the mearbeing analyzed16]. The wavelet basis is the best choice if

density. the localization of botlk andx is crucial.

Indeed, we have shown that the DWT spectrum estimator
is an efficient and reliable tool for detecting the spectrum of

Throughout most of this work the conventional definition density perturbations from samples with a complex geom-
of the spectrum was used, i.e., the spectrum with respect tetry. We have also shown that the DWT can estimate the
the Fourier basis. There is no particular reason to do this angower spectrum regardless of how the underlying density
one can define the spectrum with respect to any completiield is sampled. We applied the DWT estimator to real
and orthonormal basis. samples of the Lyr absorption clouds, for which the spec-

Theoretically, the spectrum based on any complete orthoirum has not been previously detected. The results show that
normal basis decomposition is equivalent as long as there ihe power spectrum of Ly absorption clouds can stably be
an ensemble of realizations of the random density field. Pracdetected on scales 2—-100* Mpc by the DWT estimator.
tically, they may not be completely equivalent because realherefore, the discrete wavelet transform power spectrum
data are often incomplete as it is constrained by its finite sizestimator is an important and necessary supplement to cur-
and, additionally, an ensemble of realizations may not beently existing spectrum estimators.

V. CONCLUSION
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